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We present an efﬁcient method for direct determination of the excess free energy DF of a nanoparticle
inserted into a polymer brush. In contrast to Widom’s insertion method, the present approach can be
efﬁciently implemented by Monte Carlo or Molecular Dynamics methods also in a dense environment. In
the present investigation the method is used to determine the free energy penalty DF(R, D) for placing
a spherical particle with an arbitrary radius R at different positions D between the grafting plane and the
brush surface. Deep inside the brush, or for dense brushes, one ﬁnds DFf R3 whereas for shallow
nanoclusions DFf R2, regardless of the particle interaction (attractive/repulsive) with the polymer.
The pressure and density ﬁelds around spherical nanoinclusions in a polymer brush are also investigated.
Extensive Monte Carlo simulations show that the force, exerted on the particle by the surrounding brush,
depends essentially on the proximity of the nanocolloid particle to the brush surface not only in strength
but also with respect to its angular distribution. For shallow nanoinclusions close to the brush surface
this angular distribution is shown to result in a growing buoyant force while deep inside the brush this
effect is negligible.
 2008 Published by Elsevier Ltd. Open access under CC BY-NC-ND license.1. Introduction
Spatially extended arrangements of nanoparticles embedded
in various polymer materials have found much interest in the
development of novel materials [1–19]. Already very small volume
fractions of nanoparticles sufﬁce to signiﬁcantly modify properties
such as permeability, etc. Nanostructured polymeric materials
containing nanoparticles can be considered as ‘‘designer materials’’
[9] that hold great promise for tailoring material properties.
‘‘Smart’’ micro-gel particles [19] may ﬁnd important application in
catalysis, biolabeling, chemical and biological separations.
Particularly interesting polymer ﬁlms with nanoinclusions are
provided by polymer brushes [9,18], since already without nano-
particles being present polymer brushes have an interesting self-
organized structure, with spatial inhomogeneity in direction
perpendicular to the grafting surface [20–25]. It has been predicted
[9,18] that the interaction of the nanoparticles with the polymers in
such a polymer brush may lead to very interesting pattern forma-
tion. However, the current theoretical understanding of the nano-
particle pattern formation in polymer brushes is based on rather
simpliﬁed models, and a more detailed investigation of the nano-
particle–brush interaction is desirable.nnes Gutenberg Universita¨t
ess under CC BY-NC-ND license.A central problem in understanding the behavior of nano-
inclusions in a polymer brush is the computation of their excess
free energy DF which, as with all entropy related quantities, is
usually not straightforward in a simulation. The knowledge of DF
and its variation with the size of the nanoinclusion or the position
inside the polymer brush is crucial for the determination of the
penetration depth of such particles into polymer coatings, their
concentration proﬁles, and even for possible phase transitions the
nanoinclusions might undergo upon changing the relevant
parameters of the system. A standard approach for the calculation
of DF, is Widom’s test particle insertion method [26], however, the
method becomes rapidly less practicable as the density of the
system increases. The present paper tries to take a ﬁrst step to ﬁll
this gap by presenting a simulation study of a single nanoparticle
embedded in a polymer brush. Our work is based on a coarse-
grained off-lattice model of ﬂexible polymer chains [27–31] which
has been very useful for the description of both dilute, semidilute
and concentrated polymer solutions [27,30], adsorbed polymer
ﬁlms at a surface [29], and polymermelt droplets [31]. This model is
very well suited to study polymer brushes, and in Section 2 we
brieﬂy describe its main properties and our procedures to equili-
brate such brushes when a single nanoparticle is inserted. Section 3
then gives results for the energy of the nanoparticle and the
’buoyant force’ it experiences for a range of values of its radius R and
the height D at which its center of mass is located above the
grafting surface. Also the distortion of the bulk structure near the
nanoparticle is analyzed, and the anisotropic character of the forces
A. Milchev et al. / Polymer 49 (2008) 3611–36183612acting on it is discussed. The method for calculation of the excess
free energy is presented and validated in Section 4 along with some
ﬁrst ﬁndings about the properties of DF(R, D). Section 5 then pro-
vides a brief discussion of the results and points out the difﬁculties
that still need to be overcome if one wishes to simulate a system
containing many nanoparticles.2. Model
We have used a coarse-grained off-lattice bead spring model
[27,28] to describe the polymer chains in our system. The polymer
brush consists of linear chains of length N grafted at one end to
a ﬂat structureless surface. The effective bonded interaction is
described by the FENE (ﬁnitely extensible nonlinear elastic)
potential,








with K¼ 20, lmax¼ 1, l0¼ 0.7, lmin¼ 0.4 – Fig.1. Thus the equilibrium
bond length between the nearest neighbor monomers is l0¼ 0.7.
Here and in what follows we use the maximal extension of the
bonds, lmax¼ 1, as our unit length while the potential strength is
measured in units of thermal energy kBTwhere kB is the Boltzmann
constant.




¼ expð  2aðr  rminÞÞ  2expð  aðr  rminÞÞ; (2)
with a¼ 24, rmin¼ 0.8, eM/kBT¼ 1.
The polymer chains are tethered to grafting sites which con-
stitute a triangular periodic lattice on the substrate whereby the
closest distance between the grafting sites is l0. Thus the largest
grafting density S¼ 1.0, if the polymer chains are anchored at
distance l0, and S¼ 0.25, if the ‘lattice constant’, i.e., the distance
between adjacent head monomers on the surface is equal to 2l0. In
most of our simulation studies we have investigated dense brushes
S¼ 1.0 as being the most demanding ones, however, also some
studies of grafting density S¼ 0.25 have been performed. Note that
S¼ 1.0 corresponds to a simulation where the monomer density in
the brush near the wall is close to the density of a polymer melt
while S¼ 0.25 would correspond to a rather concentrated polymer
solution.Fig. 1. Plot of the interactions used in the present study.For the chain model, eM/kBT¼ 1 corresponds to good solvent
conditions since the Theta-point for a (dilute) solution of polymers
described by the model, Eqs. (1) and (2), has been estimated [27] as
kBQ/eM¼ 0.62. In all our simulations we use brushes formed by
polymer chains consisting of N effective monomers whereby
16N 64. Note that, as usual, solvent molecules are not explicitly
included [28–30] but work which includes solvent explicitly [25]
would yield very similar results.
The nanoinclusion is taken as a spherical (nanocolloid) particle
of radius R at distance D away from the grafting surface. We con-
sider both attractive and repulsive interactions of the nanocolloid
with the monomers of the brush and the colloid potential is again
modeled as aMorse potential, Eq. (2), ‘smeared’ at the surface of the
spherical particle, with a much shorter range, rcollmin ¼ 0:1 – cf. Fig. 1.
Using Eq. (2) for the interaction between a monomer and the col-
loidal particle, it is hence understood that r is the normal distance
between the monomer and the spherical surface (the latter itself
being at distance R from the center of mass of the colloidal particle).
Thus rcollmin in Eq. (2) is replaced by rc while a and eM are taken to be
the same as for the monomer–monomer interaction. Since the
radius of the spherical particle has been varied in a rather broad
interval, 0.05 R 3.0, exceeding considerably that of the mono-
mers, l0/2¼ 0.35, a special care has been taken to prepare well
equilibrated initial conﬁgurations of the polymer brush with in-
clusion. To this end two different methods, ‘‘particle indentation’’,
and ‘‘particle inﬂation’’ were employed.
We found out that the indentation method, whereby the sphere
of desired radius R is inserted through the surface into the brush by
small vertical displacements of sphere’s center, does not provide
satisfactory results. For dense polymer brushes this indentation
method strongly deforms the chains underneath the sphere. These
resulting distortions in the brush structure could not subsequently
relax to equilibrium conformations within the time scale of the
simulation experiment. In the particle inﬂation method a spherical
particle of vanishing radius is originally placed at distance
D¼D0 þ R from the grafting plane (here and below D0 denotes the
closest distance between the particle surface and the grafting
plane) whereupon the polymer environment around it is equili-
brated. Then the particle radius is increased, R/ RþDR, by a small
margin DR¼ 0.05 and the system is equilibrated again. This equil-
ibration takes typically about 10% of the time in Monte Carlo steps
(MCS) per monomer, needed for the subsequent measurement
runs. A series of such steps quickly creates well equilibrated con-
formations of the polymer brush around an inclusion for arbitrary
distances D and radii R. Thus we study the phenomena for a wide
range of choices for R by preparing initial conﬁgurations for any
given distance D. Once such initial conﬁgurations are available,
measurements of relevant characteristic parameters of the system
can be readily carried out.
For a dense brush with polymer chains of lengths N¼ 16, 32,
statistical averages were derived from typically 1.6107 Monte
Carlo steps (MCS) per monomer. The Monte Carlo algorithm con-
sists of attempted moves whereby a monomer is chosen at random
and one attempts to displace it to a new randomly chosen position
– 0.5Dx, Dy, Dz 0.5 regarding the old position. We use periodic
boundary conditions in the x, y directions and impenetrable walls
in the z direction. Two typical conﬁgurations of the polymer brush
with a spherical inclusion are shown in Fig. 2. In Fig. 2a we display
a ‘‘shallow’’ inclusion, and in Fig. 2b – a ‘‘deep’’ one. As we shall see
in the following, shallow and deep nanoinclusions differ essentially
in their properties. In the course of the simulations we also sample
the concentration proﬁle of the monomers around the spherical
particle as well as its internal energy, the buoyant force, exerted by
the brush perpendicular to the grafting surface as well as the
angular distribution of the total force, acting on the nanocolloid
particle, in terms of the polar angle q with the z-axis.
Fig. 2. Snapshot of a nanocolloid particle in a polymer brush: (a) R¼ 3.0, D¼ 10.0, N¼ 16, S¼ 1.0, (b) R¼ 2.1, D¼ 5.1, N¼ 32, S¼ 0.25.
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In Fig. 3 we show several typical proﬁles of the total monomer
density distribution in the direction perpendicular to the grafting
plane of a polymer brush. For dense brushes, S¼ 1.0, one observes
the characteristic layering of the monomers in the vicinity if the
wall which vanishes after 4–5 molecular distances. Similar albeit
more weakly expressed layering is also observed around the
spherical nanoinclusion itself. Evidently, in the loose brush,
S¼ 0.25, these effects of steric repulsion and layering are absent.
Instead, one ﬁnds an area of depleted monomer density at imme-
diate vicinity of the particle’s surface. The density proﬁle of chain
ends r(z) (which is displayed normalized to unity for better com-
parisonwith f(z)) demonstrates that chain ends are distributed not
merely on the surface but throughout the polymer brush. These
proﬁles are very similar to those obtained from previous simula-
tions of other coarse-grained models for dense polymer brushes
[22,23]. The proﬁle for N¼ 32, S¼ 1.0 is nearly constant for
3.0 z 12.0 while at zz 14.0 its faster decrease manifests the
proximity of the brush surface. One may expect, therefore, that
typical quantities pertaining to the spherical inclusion like the local
brush deformation around it, or the resulting force which acts on
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Fig. 3. Monomer density f(z) at distance z from the grafting plane: no inclusion (full line) a
displayed. Shown are monomer density proﬁles with repulsive colloid-brush interaction: (a)
unperturbed monomer – f(z) and chain ends density proﬁles r(z) are normalized to unity for
from the nanocolloid particle.the top of this polymer brush. For larger or shallower inclusions,
however, one would expect marked changes in these properties for
Dþ R 13.0.
The impact of a large spherical inclusion on the surrounding
polymer brush is shown in Fig. 4 where only the left part of the
monomer concentration in the area between the center of the
nanocolloid and the grafting walls is displayed. For the semidilute
brush with S¼ 0.25, Fig. 4a, one can see a depletion region around
the particle which extends several molecular diameters away from
the nanocolloid surface and then smoothly goes over to the un-
perturbed concentration proﬁle of the polymer brush. The sphere
at D¼ 10.0 is located in the tail of the loose brush – cf. Fig. 3 – so
that the nanocolloid is half immersed in the brush. Some minor
distortion of the monomer density proﬁle is indicated by the iso-
density contour lines close to the right edge of the graph. In con-
trast, for S¼ 1.0 the density perturbation around the sphere is
much larger and several concentric density oscillations around the
nanocolloid surface indicate typical layering effects – Fig. 4b. Since
the dense brush stretches much further, at the same position
D¼ 10.0 the nanocolloid is placed deep inside the brush, and the
density undulations around it are symmetric. In Fig. 5 we examine
the variation of the internal energy U and the buoyant force f,
exerted by the brush on a spherical particle at a distance D from theb
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(z) − chain ends
nd across the inclusion (dotted line). The density distribution of chain ends r(z) is also
S¼ 1.0, N¼ 32, R¼ 2.0, and D¼ 10.0, and (b) S¼ 0.25, N¼ 64, R¼ 2.0, and D¼ 8.0. The
better visibility. The perturbed f(z) is adjusted to match the unperturbed f(z) far away
ba
Fig. 4. Monomer density distribution in the vicinity of a nanocolloid particle for a polymer brush with chain length N¼ 32. The spherical particle with R¼ 3 is placed at distance
D¼ 10.0 from the grafting plane. The density proﬁle spans the area from the center of the particle (at the front right corner) up to the intersection of the container wall with the
grafting plane along the z-axis. (a) Grafting density S¼ 0.25, and (b) S¼ 1.0.
a b
Fig. 5. (a) Energy U of a spherical particle against particle radius R at different distances D0 ¼ D R (given as a parameter) of the sphere surface from the grafting plane. Here S¼ 1.0
and N¼ 32. In the inset the variation of U with distance D0 is plotted for several radii R (R is given as a parameter). (b) Buoyant force f exerted on the same particle by the polymer
brush. Full lines denote a best ﬁt with a 2nd-order polynomial. The inset shows f(R¼ 3.0) for different distances D0 from the grafting plane. The course of the monomer density
proﬁle is also given (appropriately normalized for better visibility). Vertical bars denote the workW (reduced for visibility by a factor of 10), which is necessary in order to place this
nanoinclusion at depth D0 between the sphere surface and the grafting plane.
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computed from the derivative of the nanoparticle potential Eq. (2)
with r ¼ rcollmin at the positions of the surrounding monomers. In
Fig. 5b we plot only the component of f which is normal to the
grafting plane (the buoyant force). In the particular case of Fig. 5 the
interaction between brush monomers and inclusion is attractive
and, as that between monomers, has the strength of kBT, albeit the
results with repulsive interactions between the particle and the
monomers of the brush are qualitatively very similar. An inspection
of Fig. 5a indicates one principal result of this study, namely, that
the energy U increases (in absolute units) with the increase of R
following a parabolic relationship, U(R)fR2, as long as the
spherical inclusion stays deep inside the polymer brush
6.0D0  11.0. For shallow inclusions, D0  12.0, the density ﬁeld
above the sphere is weaker and, therefore, not balanced by the ﬁeld
beneath whereby U(R) deviates from parabolic shape for large
enough R. The variation of U with distance D0 away from the sub-
strate reveals a similar relationship – see the inset in Fig. 5a. The
absolute value of U gradually decreases as the sphere is moved
towards the surface of the polymer brush, however, this effect fades
out as the radius R becomes smaller.
Fig. 5b demonstrates (despite some scatter in our data) that the
buoyant force, acting on the inclusion, increases with growing ra-
dius R in a parabolic way. It becomes clear from the inset in Fig. 5bthat this force goes over from initially moderate into steeper
increase for distances D0 which fall into the faster diminishing part
of the brush density proﬁle. Thus f goes through a maximum and
subsequently declines when the sphere radius R becomes so large
that the density distortion around the nanocolloid reaches the
brush surface so that the polymers do not surround tightly the
inclusion. From the f versus D0 relationship one may easily compute
the work W, that is, W ¼ RND0 f ðzÞdz, which has to be performed in
order to place the spherical particle in position D inside the poly-
mer brush. As demonstrated in the inset of Fig. 5b, for a big particle
R¼ 3.0 this work grows steeply (for the sake of better visibility,W is
reduced there by a factor of 10) as D0 becomes smaller. Eventually
we point out at this place that due to symmetry the lateral com-
ponent of the total force, acting on the particle is always equal to
zero.
Eventually, in Fig. 6 we show the angular distribution of the
force, exerted on a nanocolloid particle of radius R¼ 3.0 for differ-
ent depths of the nanocolloid inside a polymer brush. The polar
angle q¼ 0 corresponds to a force directed along the positive z-axis.
From Fig. 6 one may conclude that inclusions deep inside the
polymer brush as, e.g. at D0 ¼ 7.0, experience predominantly sym-
metric forces which act laterally on them, and in result, cancel. As
the inclusion comes closer to the brush surface, however, the forces
acting on it redistribute angularly due to changes in the density
Fig. 6. Angular distribution of the force, exerted on a nanocolloid particle of radius
R¼ 3.0 for different depths of the nanocolloid inside a polymer brush. The polar angle
0 qp is measured from the normal to the grafting plane which is placed at distance
D0 ¼ 7.0 (red), 10.0 (blue) and 13.0 (purple) beneath the nanocolloid particle (green).
The chain length is N¼ 32 and the grafting density S¼ 1.0. As the colloid approaches
the upper end of the brush, the force decreases and redistributes from predominantly
lateral into upward direction.
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beneath the brush surface there forms a resulting forcewhich tends
to expel the inclusion out of the polymer brush.
These ﬁndings are supported by the results shown in Fig. 7 too. In
this ﬁgure we display the angular distribution of the force, exertedFig. 7. The same as in Fig. 6 but for nanocolloids of different sizes, R¼ 1.0 and R¼ 3.0,
close (D¼ 14.0) to the polymer brush surface. Although at the same position, the brush
distortion by the smaller particle does not reach the brush end and, hence, the force is
laterally distributed. The distortion ﬁeld around the bigger nanocolloid reaches the free
space above the brush end and the resultant force exerted by the brush acts upwards.on a shallow inclusion at ﬁxed distance D0 ¼ 14.0 slightly under the
brush surface. Evidently, the smaller inclusion, R¼ 1.0, does not
distort the density homogeneity of the surrounding polymermatrix,
and the force ﬁeld around it is distributed laterally and symmetri-
cally as regards the z-axis. The large inclusion, R¼ 3.0, in contrast,
induces a long range distortion ﬁeld in its neighborhood, the brush
partially opens above it, and a vertical component of the force,
driving the inclusion out of the polymer matrix, emerges.4. Free energy
As a rule, the computation of free energy differences DF relies on
variants of thermodynamic integration (TI) or thermodynamic per-
turbation (TP) methods. In the present investigationwe employ a TP
procedure which is based on the identity [32–34],
DF ¼ b1 lnhexpðbDHÞil; ðDHhHl  H0Þ (3)
where H is the Hamiltonian of the system, b1¼ kBT, and C Dl de-
notes a canonical average with respect to a ﬁxed value of some
parameter l – in the present study this is the particle radius R. Using
amethod such asMonte Carlo, one essentially samples points in the
phase space from a canonical distribution corresponding to l¼ 0
and then takes the average of exp(bDH) over these points. In
principle, the method should be exact, provided the number of
sampled points tends to inﬁnity. In practice, unless the canonical
distributions, corresponding to H0 and Hl overlap to a signiﬁcant
degree, the average of the exp(bDH) will be dominated by points
in phase space that are visited extremely rarely during the canon-
ical sampling [35] which would impede the convergence as the
sampling proceeds. In order to get around this problem we break
the interval 0 l R into small subintervals, DR R, and compute
the free energy difference corresponding to each subinterval:






In Eq. (4) U(R) denotes the internal energy of a nanocolloid
particle of radius R, embedded in a well equilibrated polymer brush
at distanceD from the grafting plane, whileU(RþDR) is the internal
energy of a ﬁctitious particle with the same position of the center of
mass butwith slightly larger radius RþDR in the same environment
of brush monomers around a nanocolloid with radius R – Fig. 8a. In
all our simulations we take DR¼ 0.01 so that the energy change
U(RþDR)U(R) is quite moderate and no overﬂow takes place. In
addition, the efﬁciency of the method is substantially enhanced by
computing the free energy derivative, [F(RþDR) F(R)]/DR, for
values of Rwhich are sufﬁciently far apart from one another so that
one can interpolate between them by an analytic function, and then
use the TI method so as to get the ultimate free energy cost for
insertion of a particle of arbitrary radius R at distance D from the
substrate. In Fig. 8bwe validate this approach by displaying the free
energy derivative, dF/dRh [F(RþDR) F(R)]/DR, obtained by
means of Eq. (4), to the total force, ftot(R), which is computed as
a sum of all interactions of the nanocolloid with the surrounding
monomers of the brush (i.e., an integration over the polar angleQ in
Fig. 6). From Fig. 8b it becomes evident that both methods yield
results which are almost indiscernible within the statistical accu-
racy of the simulation. One should note, however, that the method
based on Eq. (4) can be used in cases of interest where the com-
putation of forces might be problematic.
Having thus established the method for calculating the free
energy F(R), we show in Fig. 9 the variation of its derivative with
growing radius R for different positions D0 of a repulsive nano-
inclusion inside a dense polymer brush.
Eventually, in Fig. 10 we present the free energy penalty F(z) for




Fig. 8. (a) Schematic picture of a spherical nanoinclusion with radius R in a polymer brush. The ﬁctitious particle has radius RþDR. (b) Variation of the free energy derivative,
[F(RþDR) F(R)]/DR of a spherical nanoinclusion, and of the total force, acting on it, with growing radius R. Here N¼ 16, D0 ¼ 7.0, S¼ 1.0, and the nanocolloid attracts the near
monomers.
a b
Fig. 9. (a) Variation of the free-energy derivative, [F(Rþ DR) F(R)]/DR of a spherical nanoinclusion against radius R in a polymer brush with N¼ 16, S¼ 1.0. The particle is softly
repulsive to the monomers. Different distances from the grafting plane, D0 , are given as a parameter. Dashed lines denote the interpolated parabolic curves. (b) The same as in (a) but
for different interaction of the nanocolloid with the brush: attraction (full symbols), repulsion (empty symbols). For D0 ¼ 6.0 the nanocolloid is deep in the brush whereas for
D0 ¼ 12.0 (and R 1.0) it partially shows up at the brush surface.
a b
Fig. 10. (a) The same as in Fig. 9 in a semidilute polymer brush with N¼ 64, S¼ 0.25. Dotted lines denote interpolation curves through the data points. (b) Plot of the free energy
penalty F(Z) for inserting a particle into a polymer brush at distance Z from the grafting plane for several radii R. For convenience, the density proﬁle of the monomers is also
sketched (in arbitrary scaling for better visibility).
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regime with grafting density S¼ 0.25 and longer chains (N¼ 64)
were used. From Fig.10b one can see that themonomer density f(z)
decreases signiﬁcantly within the interval 6 z 20 which
explains the gradual change in the F0(R) versus R relationship from
parabolic (for z 14) to linear (for z> 14). The free energy penalty,
FðRÞ ¼ R R0 F 0ðsÞds, has been calculated for arbitrary R at a distance z,
using the interpolated curves from Fig. 10a. As expected, one ﬁnds
an increase in the free energy cost for nanoinclusions which are
placed deeper into the polymer brush whereby the cost depends
strongly on the radius of the inclusion. Shallow inclusions un-
derneath the brush surface are thus easily inserted whereas
a deeper penetration is strongly hampered by the steeply rising free
energy cost. Using the connection between local concentration of
nanocolloidal particles n(z) and F(z), one can thus readily derive the
concentration proﬁles for inclusions with arbitrary size from the
variation of the free energy penalty F with z by means of the ex-
pression DF(R, z)¼ F(R, z) F(R, z¼N)¼kBT log[n(z)/n(N)] [36].
This expression, analog to the barometric height formula for gas
particles of density n(z) in an external potential U(z) which role is
taken here by DF(z), applies for a system of non-interacting parti-
cles. Since the chemical potential in such a system is constant
everywhere in equilibrium, this expression accounts for the fact
that the nonuniform density distribution is reﬂected by local
changes in the excess free energy of the system. Thus the latter
relationship allows the prediction of the density proﬁle of an ideal
solution of nanoinclusions at and inside a brush coating. From
Fig. 10b it becomes therefore clear that these proﬁles diminish
exponentially fast below the brush surface, and the penetration
depth of larger nanoinclusions declines rapidly to zero.5. Conclusions
In this work we suggest and validate an efﬁcient method for
calculating the excess free energy DF of nanoinclusions of arbitrary
size, placed within polymer brushes, polymer coatings, or other
cases of embedding matrix environment. The method is related to
Widom’s insertion test particle method [26]. As a matter of fact, it
reduces to Widom’s method for ﬁnding the chemical potential of
particles of size r when one sets R¼ 0, DR/ r. One of the main
advantages of our method, however, is its applicability to dense
environments like melts, dense polymer matrices, etc., and its easy
implementation with both Monte Carlo and Molecular Dynamics
simulation methods. The efﬁciency of the method relies on its
combination with ‘thermodynamic integration’ whereby by sam-
pling a few relevant sizes of an inclusion one may readily compute
DF for arbitrary sizes. Although in this work the method has been
tested and validated for spherical nanoinclusions, it can be readily
used for particles of any arbitrary shape.
In the present study, relying on the aforementionedmethod, we
determine the excess free energy DF(R, D) of spherical nanocolloid
particles inserted in a polymer brush. Our data analysis shows that
for deep inclusions DF(R, D)f R3 whereas the free energy cost for
shallow inclusions DF(R, D)f R2. We ﬁnd, as expected, that the free
energy penalty rises steeply as the particle is inserted deeply into
the brush especially in the region of signiﬁcant decline of the
monomer density proﬁle. This suggests that the concentration
proﬁles of nanoinclusions will decrease exponentially as one goes
deeper under the brush surface, especially for inclusions exceedingthe monomer size by a factor of two or more. Related to this is the
observation of a maximum in the buoyant force f versus distance D0
relationship whereby this maximum buoyancy occurs not far be-
neath the brush surface. Deep inside a dense brush this buoyant
force levels off due to a symmetry in the vertical distribution of
monomer density around the particle. Much insight is provided
also by the angular distribution of the force, exerted on the nano-
inclusion by the surrounding medium which shows a signiﬁcant
change leading to growing buoyancy as the included particle gets
closer to the brush surface.
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